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HOMOGENEOUSLY TRACEABLE RESULTS IN CLAWV-FREE GRAAP

by

Lisa R. Markus*
Department of Mathematics

Furman University
Greenville, SC 29613

ABSTRACT

A graph G is homogeneously traceable if for each v E V(G) there is a Hamilton path
starting at v. In this paper we find a sufficient condition for a claw-free graph to be
homogeneously traceable in terms of a neighbourhood union condition.

Preliminaries

A graph G is said to be homogeneously traceable if for each v E V(G) there is a
Hamilton path starting at v. We will call a path a v-path if it starts at v.

Theorem 1[3]
If G is a 3-connected, claw-free graph such that

IN(,.() U JN(7,)l > (2p - 5)/3

for all nonadjacent pairs of vertices u, v then G ic homogeneously traceable. E

Clearly, any graph that is Harniltonian is also homogeneously traceable.

Theorem 2[4]
If G is a 3-connected, caw-free graph such that

IN(u) U N(v)l > 11(p - 7)/21

for all nonadjacent pairs u, v then G is Hamiltonian. [

So Theorem 1 is a corollary of Theorem 2. 9 -4727
Theorem 3111

Let G be a 2-connected graph with \d"

IN(u) U N(v)I > p12

" work supported by ONR Contract #N00014-91-J-1142



for all nonadjacent pairs of vertices u, v. Then either G is Hamiltonian, or G is equal to
the Petersen graph, or G is a spanning subgraph of one of the following families:
a) K 2 + (Kq U K, U K,);
b) K1 + (Kq U K, U K, U T), where q, r, s > 2 and T is the edge set of a triangle containing
exactly one vertex or K(p, Kq and Kr;
c) Kq U Kr U K, U T1 U T2 , where q,r,s > 3 and T, and T2 are the edge sets of two
vertex-disjoint triangles each containing exactly one vertex from Kq, Kr and K,. £3

This Theorem generalises each of Theorems 1 and 2, since none of the exceptional
graphs are 3-connected.

In [5] Lindquester investigated the effect of distance on neighbourhood union condi-
tions.

Theorem 4[4]
Let G be a 2-connected graph with

IN(u) U N(v) >_ (2p - 1)/3

for all pairs of vertices u, v at distance 2. Then G is Hamiltonian.

Results

We will obtain a sufficient condition for a 2-connected, claw-free graph to be hinio-
geneously traceable in terms of the neighbourhood union of vertices at distance 2. First.
we will need the follo,ýing Lemma.

Lemma 5
Let G be a 2-connected graph. Let P = vi, v2,..., z;. be a longcst vz, path. Then

there is a path P' = U1 , U2, ... , Urn = V., with V(P') = V(P) such that in P', u1 is adjacent
to some vertex Ut+1 and not to ul.

Proof
Let P be a longest uin-path and suppose that there is no path P' with the required

property. Let Q = U1, U2, ... , Urn = V, be a r,-path with V(Q) = V(P) and the degree of
(ul) as large as possible. Then Q is a longest vm-path.

Traversing Q from ul towards v,,, let z,,+, be the first vertex to which u, is not
adjacent. Then uI is adjacent to u 2 ,u 3 ,. ur and the degree of uI is r - 1. Then uI is
not adjacent to any other v-"rtices of P else we can pull Q = P' and we're done. Since C
is 2-connected, ur cannot be a cut point. Now if one of 112,113 .... .U.-., say Uk, i' ad.iacc~

to some y ý Q we will immediately get the longer v,,-path

U711)U Mm--I ... 1 ?1k-t-l UilU12, ... •0 k! Y.

Thus one of U2, U3,.., Ur-1, say u,1, is adjacent to a vertex Uq with q > r. Note that u, is
adjacent to u,,+l. Take the path

|• Unrr , 1 sl_ .... 
1 1
tq, ?q_], ... ,?ln, -1, ?l,1 ' j2. U 1.. i .
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This is also a longest vyi-path with V(IV) = V(P). Now if u,, is not adjacent to all of
Un-1,Un-2,...,UlUn+1,Un+2,...,Uq then we have a path with the required property. On
the other hand, ifuv, is adjacent to all of these, then the degree of u, is at least q- I > r- 1
and we have a longest vr-path where the degree of the first vertex, u, is greater than the
degree of the first vertex of Q, contradicting the choice of Q. 0

Theorem 6

Let G be a 2-connected, claw-free graph with

"jN(u) U N(v)j > (p - 3)/2

for all pairs of vertices u, v at distance 2. Then G is homogeneous]y traceable.

Proof
Let G be a 2-connected, claw-free graph with JN(u) U ýN(v)! > (p - 3)/2 for every

pair of vertices u, t, at distance 2. Let z E V(G). We aim to find a Hamilton path with
end vertex z. Let P = Vi,V2,...,Vn, Vm = z, be a longest path in G with end vertex z.
If m = p we are done, so suppose 7n < p. Then there is a vertex x. x 4 P. Since G is
2-connected, there are at least two openly disjoint paths from z to P. Let the two end
vertices of any set of such paths with the lowest subscripts be Vk, Vr, where k < 1. Without
loss of generality we can assume xvt E E(G). Since G is claw-free and 1 < k < m. we have
Vk-iVk+i E E(G). Now I # k + 2 since if I = k + 2 we get the longer v,,-path

7 rn1M 1, ... , I V1, X, Vk. Vk+1 , Vk-1 I Vk-2i ... VI.

Thus I > k + 2.
Now by Lemma 5 we can assume that there is a vertex vt so that rl is adjacent to

vt+l and not to vi. Choose the smalhest t for which this happens.
Now t # k since this would imply v1 is adjacent to Vk+l and we would get the longer

vm -path
Vm, VUnz - I , ".-, k-+-I ý VI i U22 .. -- Vk, 37.

Also t 0 k + 1 since this would imply vi is adjacent to Z'k+2 and we would get the longer
v,-path

V", I Vin--I ; .... Z•k+2, V1, V-2. •-., tVk-1- • k+l , V~kt.•

Thus t 7= k, k + 1.
Traversing P from v, towards z,,. let ?,'-+ be the first vertex to which VI is not

adjacent. Then v, is adjacent to v'2 , v3, ... , z,, and not adjacent to c,+i, V,+2, ... ,t't. Now
r < k since if v' ik adjacent to V'k we get the longer c,,,-path

Vm, Vm-1 i , , T'j , Vk, V1 , V2, .. ,Vk-1 Vk+1 , t'k+2. *.11 74-1- ~~

Thus r < k.
We will arrivc at . -o..ii.i "i-*" )\ , 4,1 i.... there is a 1:i mapping from U

N(vt) to V(G) - (N(vt_, ) U N(x)). Note that v,•, '• are vertices at distance 2 by the
definition of t. Also x. vi-_I are distance 2 ap2rt since x7-1 E E(G) and xrr- I E(G).

-



Let y E N(vi) U N(v,). Suppose y V P. Then since P is a longest v,-path, y V N(v()
and if y E N(vt) we get the longer vyn-path

V'mVm-I .. Vt+li V I 1 V21 ... i Vti Y/.

Thus we have y E P, and so y = v, for some s.
We will now consider 2 cases for 1:

Case 1: Suppose I < m. Note that since G is claw-free and P is a longest v,-path we have
vi-ivi+i E E(G).

We have already shown that t € k, k + 1. By similar arguments, t -# 1, 1 + 1. We will
now show t 0 1 - 1. Suppose t = I - 1. Then v, is adjacent to vi and we get the longer
v,,-path

titm. t' --1 I, ...- ,V1)+1,1 - I U - VI •L -2i,.. 1,U t

Thus t # 1 - 1.
We have also previously shown that I # k + 2. We will now show that 1 - 1 -- k + 2.

Suppose I - 1 = k + 2. Then we will get the longer vyi-path

m UrnV - I- , Z,..., UI+ I •-l- I II,•X,VUki• k+ I, Vk-1 - Uk-2., V --,U •

Thus I - 1 5 k + 2.
Let v, E N(v1 ) U N(vt). Now clearly s -7ý 1,t by the definition of t. We claim

s 5 k,l - 1,1.
Suppose first s = k. Now if vk E N(vi) we get the longer vm-path

Vrm, Vm--l ... ,Vk+l) Vk-1 ý?Uk--21.---• IlX.

So suppose vk E NyV(vt). Then for t < k we get the longer vy-path

Vrn, t'm-1 -.-. , , V k-I , 'k- I V -2, .. t+ , U1  , V2, ... , V-. Vk,

and for t > k we get the longer vn,-path

Vm, mlm- I, "- t+I, , 'l+ I -2, V2 , -- Lk--, /)k+1, T'k+2 .,- tUk,, X

Thus s 5 k. By similar arguments, we can show s 5 1.
Now suppose s = I - 1. If vi- 4 E N(vi) we get the longer vm-path

Vrn, " -I V.- , X .r, k, Vk_-. ...I I- 1, 7'1-2, -.. , k+

So suppose vi-I C N(vj). Then for t < k we get the longer vm-path

VmVm-I,...,Vt, X, Vk, Vk-1,.-, Vf+),V', V2,...-,Vt, V1- , V12, --, Vk-+1)

for k < t < I we get. the longer V7,,-path

rn 1)m -- 1 .- ,I , , I- .... , t+ , V +2 .- " -1 I f- I - ... k+1



and for t > I we get the longer vy-path

Vmrn Vrn-1 , .- t+l • Vi, V2, . V. -U -I, b't) Vt-1 v.. 'lx.

Thus s j4 I - 1.
Let v. E N(vi). Now s 4 k + 1 for if it were we would get the longer v,-path

Vm, Vm-I, -...- Vk+1 , V1 , V21 ... Vk, X.

Similarly, s 0 1 + 1. Now if v,-i E N(x) we get the longer v,-path

VmV Vn -1) ... , s V VI) V2,3.., V-1).L.

Also, v,_ 1 ý N(vi- 1) for if it were, for if 1 < s < k we would get the longer v,,-path

Vmf+Vm- 1 1 .. z<1 we , wol gke the lg r V s-1, Vs-2 -... • Ul Vs+ I .k- Ipa

if k + 1 < s < I - 1 we would get the longer v,-path

Vn, Vrm-- , -.. , Vf, X, Vk! V k- I i ... , ýV• s, Vs+l I o--.; i V--t.• a- I! VI-2 • .-. , Vk+l

and if s > I + 1 we would get the longer V,,-path

VM I m--I,.-,Vs'V1,U2,..-)- - I--I,Vs- I - s--2, .. , -

Thus if v, E N(vi) we have vs- i N(z._•) U N(x).
Again consider v, E N(vi). For k + 1 < s < m we have v,+, ý N(x) for if it were we

would get the longer vyi-path

Vm, Vrn-1, ... • Vs+ I, X, Vk, Vk_1 .VI. Vs, V.4-1 I .... Vk+l.

For I + 1 < s < 71, v 3+j ý N (vj-) else we get the longer vm- path

m rn-- . s+ - 1 . 1- 2' ,. V" ,VS, Vs• I ., ."X.

There are now 3 possible locations for t: 1 < t < k, k + 1 < t < 1- 1 and t > I + 1.
We will now consider these 3 cases for t.

Case 1.1: Suppose t > I + 1.
Let v, E N(vi ) U N(vt ). We have already shoxvn that s -# 1. L k. 1 - 1, 1. We now claim

s : k + 1. Note that we have already shown that Vk+ 1 4 N(vi). So suppose v-k+ Er N(V').
Then we get the longer vm-path

m,'k, I'm, -L, ,.... ttV, k.fl 4, ,k+2 .- ," -1I

So Vk+1 ý N(v 1 ) and therefore s $ kz + 1.
We consider 2 -ubcases:

0



Case 1.1.1: Assume vi-I is adjacent to some vertex vq with q < k.
First we claim q $ k - 1 since if vk-i E N(vw1 we get the longer v,,-path

Urn) Vmn-1, ... , V71, XVk, k+l, --- . V)I-1,V k_1, V k_2, --.. V U1

Thus q < k - 1. Also, q 0 k - 2 for if vk_2 E N(vi-1) we get the longer vyn-path

Vnm Vrn--1, .. ,V1 , XVk, Vk-- 1 ,k+i• tVk+2, ... , VjI- )Vk-2, Vk-35 ..- , VI.

So we have q< k-2.
Recall v, E N(vi) U N(vt). Now s :A k - 1 since if vk-i E N(v1 ) we get the longer

vmn-path

VmVmr--l, -. , Vl• `X "k, V k+li •..., i V-1, Vq, Vq+l ,,..Vk-1 VI V21 -U , q- I

and if vk-i E N(vt) then we will get the longer v,,-path

Urn Urn-1 --- V.)17+1 , V1, V 2- -i . k--1, O tVt -I - , V .)tk, X.

So s 54 k - 1.
We will now construct the 1:1 mapping from N(vI )UN(v1) to V(G)-(At(vt;i)UN(')).
First suppose s < k - 1 or k + 1 < s < I - 1. Now v,_ 1 0 N(z) by the choice of k,1.
Again recall v, e N(vi) U N(vt). Suppose v, E N(vl). We have shown above that

vS- 1 ý N(vi-z) U N(r). Now suppose v, E .V(vi). Then t,,-l ý N(vi-1) else we get the
longer vyn-path

Vm, '¢Jm --1,•..., Vt+1,V2-1,V 2•. V i.L's-1 I-1,V1-'1-2....,VUs,ViUt't.t-...i *VljI.

So for the case s < k, k + 2 < s < I - 1 let v,_1 be the vertex corresponding to v, in the
1:1 mapping.

Nowst, pposel< s <t or t <s <m.
Suppose v, E N(vl). Then we have shown above that v,,+, N(vi- 1 ) U N(x). So

suppose v, C N(vt). Then v,+, ý N(vt- 1 ) else for s < t we get the longer v,,-patli

and for s > t we get the longer vTM-path

VrnV "U , --1 , Vs.))+ 1 i V)1-1 1 V1l-21 ... • i 1 i •t!+ I i Zt+27 ... ý Vs7 Vtý Vt-1 ) .... V1, X".

Also v,+, ý N(x) for if it were for s < t we would get the longer vin-path

arid for s > t we would get the longfcr V,,n-path

Vm V t- V, IXVk lk ],--, ].?I+ , ( 2,-5V~, f V -IZC+



For the case 1 < s < t, t < s < ?n let v,+I correspond to v, in the desired 1:1 mapping.
Note that we have not found an image point corresponding to v,y. We claim to

have found a 1:1 mapping from N(vi) U N(v,) - vm to V(G) - (N(vi-_) U N(x)) -
{Vk-2, Vk,-1, vI-, , X}.

Clearly we have shown a 1:1 mapping from N(vj) U N(x) - v, to a subset S of

V(G) - (N(vi- 1) U N(T)).
We now claim Vk-2,Vk-1,V!-I, X ý S.

First suppose Vk-2 E S. Then Vk-2 = v.-i or v,+, for some s. But Vk-2 = V,-1

implies s = k - 1 and vk-2 = V,+1 implies s = k - 3 > 1, both contradictions. Thus
Vk-2 ý S.

Next suppose Vk-i E S. Then by the way we have constructed our 1:1 mapping we

have vk-1 = vs-l or v.+ 1 where v, E N(vi) U N(vt). But Vk-1 = v,_, implies s = k, but
we have already sho%ýn that s :A k. Also vk-I = v,+, implies s = k-2 > 1, a contradiction.

So vk-1 ý S.

Now suppose vi-i E S. Then 12-I = v.-I or v,+, for some s with v, E N(vj) U N(v,).

But v1_ 1 = v,,-, implies s = 1, a contradiction and v1_1 = v,+, implies s = 1- 2 > 1, again
giving a contradiction. Hence vr-i ý S.

Finally suppose x E S. Then x is the image point of some y where y E N(vi) U

N(vt) - vm. But all the image points are on P and x ý P. Thus x ý S.
Now it can be easily seen that x, vj- I N(vi-i) U N(x). Also, clearly Vk-1 ý N(z)

and if vk-i E N(vi-i) we get the longer vy,-path

tim, Vm--,...,VlX, Vk, Vk+l,..-, Vl-l Vjk- , Vk--2,-.-,.VI

Again, by the choice of k, vk-2 ý N(.x) and if Vk-2 E N(v- 1j) we get the longer t'n-path

Vn m- 1 ,-"" Z'15 I.XT'. kt Vk-1 - 1k+1 t t'k+2-, ... , 7l-2, Vk-2 Vk-3 - V1

Thus Vk-2,Vk-1,VL-1,X J N(vi-i) U X(X).
We get

(p - 3)/2 - 1 < IN() U N(v ) -v,,,

< IV(G) - P(NV, 1 ) U N(x)) - {X, }1k2, Vk-1, VI-i

< p - (p - 3)/2 - 4 = (p - 3)/2 - 1

a contradiction.

Case 1.1.2: So we can assume vi-I is not adjacent to any vertex uq where q < k.

Recall that v, E N(vi) U N(rt) and s 4 1.t, k, k + 1,! - 1,1 We will construct a 1:1

mapping from N(vi) U N(v,) to V(G) - (N(?.-i ) U N(x)).
First suppose s < k. Then by the choice of k, v, ý N(x) and by the hypothesis of

Case 1.1.2, v, ý N(vj_ I). So let v, correspond to itself when s < k.
Next suppose k + 1 < s < I - 1. Then by the choice of t, v., N(vi) and so assume

?73 E N(vi). Now v,_1 ý N(x) by the choice of k,I and 12,_l V. N(VL 1 -1) for if it were we
would get the longer Vm-path

V~n , Vrn--I1 .. "- V1+1 1 •"]I, V2 .. ,1.- 2 - ,•1 2. . .• 2 , !t--I , ý1 -*, I,



So let v.- 1 correspond to v, for the case k + 1 < s <1- 1.
Now let I < s < t. Again by the choice of t, v, ý N(vi). So assume v, E N(vt). Now

v,+I ý N(x) for if it were we would get the longer v-path

"VMn •"M -- 1 ý ...- 7 Vi+I I V], V "2 1 .. .3 V3, Vi, Vt_1 , V .'lU +I, X.

Also v,+, ý N(vi- 1) else we get the longer vm,-path

"urn , "Vm - 1-I ., Vt+l Vi "U V 2, .--. , VI- 1 , Vs+ I 7 U s+ 2 ý .... Uti V•••s -, V - --.- ý VI, X"

So for I < s < t let v,+, be the correspondent of v,.
Finally suppose t < s < m.
Recall that v, E N(vt ) U N(vt). We will first suppose v, E .Y(v,), and show that

First suppose s < rn. Then z,, ý N(x) for if it were we would have vt,-iv+i E E(G)
since G is claw-free and get the longer vm-path

V n i• t m -- 1 , t '.• U s l * s - , I U s -- 2 , . . . i V 1 , 1 s -X .

Now suppose s = m. Then v, N(x) for if it were we would have vi, vmi .x E N-r(v).
Now G is claw-free and vx, vm1-Ix ý E(G) so we must have v,-_ E N(vi). But then we
get the longer vm-path

'rnX, 1  k _, Vk1, - V -t' 11 V -2, .., - k+ .

So for v, E N(vti) for t < s < m we have v,• .V (X).
Recall that t < s K< n and c, E N(vj). We have z,' , X(r, 1 ) for if it were we would

have vi,vi-i,v,-i E N(v,). Since G is claw-free and r'vI-I ý E(G) we have either vv,_1
or viiv,_1 E E(G). But if viz,,_1  E E(G) we get the longer vy-path

VM, UM--I..Vs, t'--I, t'--2, .- UIl, s- 1, V5-21.... Vii X

and if v._ 1 ,vi_ E E(G) we get the longer vm-path

So we have shown that for ,E C- N(v, ). t < s <_ 7 we haveNv Z, N(vI_ ) U (.r)
Next suppose v, E N(vt) where t < s < m7. Again, we will show that. v, • .( ',_. )

N(x). Now we can assume s > t + 1, since if s = t + 1 we have v, = vj+i E N(t'i ), and we
have just shown v, = vt+1 V N(zu_ 1 ) U N(x),

First suppose t + 1 < s < 77. Then z,, , N(.7) for if it were we would have t z.v,_

E(G) since G is claw-free and get the longer v,-path

I . + I' 1 - ,-2 ..... VI 4 - I I , 12, " 1 , I t . 1%



Now suppose s = m. Then v, V N(x) for if it were we would have v,,v,,_,,x E N(v,).
Now G is claw-free and vtx,v,-_x ý E(G) so we must have vm-_ E N(vt). But then we
get th• longer v,,-path

Vrn X . V• k, Vk-I, -. , V'I i Z;t+ I, Vi+2, .- , Vmr- 1 Vt• Vt-1,-I ,. "k+l •

So for v, E N(vt) and t + 1 < s < m, we have shown v, ý N(z).
Again recall t + 1 < s < m, where v, E N(t't). We have v, ý N(vi- 1) for if it were we

would have vt,,v- 1 ,t'3 -1 E N(v,). Since G is claw-free and vtvj-4 ý E(G) we have either
viv,-I or vj-iv,-j E E(G). But if vtv,-l E E(G) we get the longer ,,,-path

Vm , Vmr--1 -. t'3, V1/--I, ZUi--2, - I tl tt+1 i V(+2 Vs I. , V's 1 ý t',Z't-I,-, V.•"I, X

and if vU/l',,_1 E E(G) we get the longer V,,,-path

V77i, LUrn--1 , -- •, VI, Crt I -' - , V1 •.. ".X, t'k . 'k+ 1, . . -- 1, - 1 V, ' --2ý

.... .Vf l. C. .•. V k-i,

Forv 5 E N(vE ), t+ 1 < s < 77 we have that v, t .(vj- I). Thus for t < s < m let z', be
the correspondent of v, in our 1:1 mapping.

We claim we have found a 1:1 mapping from .(u 1 ) U Nk'vj) to V(G) - (.(v-1 ) -
N(x)) - {vj, t'-_1 , x). Clearly t', vi-. x 4 '(t- 1 ) U -N'(x). V•e have shown a 1:1 mapping
from N(vx )UN(vt) to a subset S of V(G)-(NV(t-I )UN(x)). We now claim n 1 l, z-1 .. S.

Suppose vi E S. Then v, = v., v,-_ or L',+, where v,, E N(rm) U.N(t~ ). But v, v,
implies s = 1, v, = v,_1 implies s = 2 > k + I and vi = u.,+, implies s = 0. all
contradictions. Thus v, ý S.

Next suppose vi-i E S. Then v'_1 = .V,t,•_i or v,+1 for some s. But v1_1 = z,,
implies s = I - 1, v1_ 1 = v,-, implies s = I and t'j-, = zv+l implies I = - 2 > I, all
contradictions. Thus v1_1 E S.

Finally x ý S for all the image points dre in P and x ý P.
We get

(p- 3)/2 < X?(vj ) U *\Nzt)I

_< IV(G) - ( I(, ) U V()) -

< -(p-3)/2- 3 =(p - 3)/2

a contradiction.

Case 1.2: Suppose k + 1 < t < I - 1. Again, we will arrive at a contradiction by showing
that there is a 1:1 mapping from .n(v ) U .(r, ) to VI(G) -. (N(r 1_ ) U N(.r)). Recall thlat if
y E: N(vj)UN(vt) then y E P and 1 = for sonie s. Ne" have shown that.s .ý 1. t. k, I-_ .l.
We now claim q $ 1 + 1, 1 + 2. For sulppose Z'+l C Y.(,i ), then we get the longer ,,, -path

VS



and if vt+ 2 E N(vi) we get the longer vy-path

VmVn U 1,-- , I .. tU+ 2, Vi VI•2, --- .. I--I V1U+ I, VI X.

(Recall that vi-ivt+1 E E(G) since G is claw-free.) Also if vj+l E N(vt) we get the longer
vm-path

and if vt+2 E N(vt) we get the longer v,,-path

Vm,.Vm--1) .... V1+2 •, t•t•f- I ý ... , Vt + •iV++2i ... . VI- , V1+ , Z'I, X.

Thus s 3 6+ 1,1+2.
We will now consider 2 cases:

Case 1.2.1: Assume v-1_ is adjacent to some vertex vq where q < k.
As in Case 1.1.1, we have q < k - 2.
We will now show s 0 k - 1, k - 2 where v, E N(v1 ) U N(vt).
Suppose vk-I E N(vi). Then we get the longer V,,-path

Vrn,Vm-1, l ...-, Vl...T', V• k+1 ... , V1t- , q. 'q- 1 1 "'i V1 Z-'k- I , k-2 .... q+

Now suppose Vk--2 E N(vi). Then we will get the longer vr-path

Urni Vm)r--i V " '•R•Uk '. I,-k /:k+2, ...- '- VI 1, V q I Vq-- I i," V I r k- I V~k-2i ... Uq+

Next suppose Vk-_ E N(vi). Then we get the longer Vm-path

V', , Vrn- I! ..., C V1+l! V1, 12, . -1 2, f, Vt-. i .... V2k, X.

Finally suppose t--2 E N(vt). Then we will get the longer vr-path

tUn Urn-1, .•-- + 1 , ,2 , ... , tk-2, V'tI Z11-1 .. -, k+1 -, ?Vk-1, Vk, X.

Thuss k - 1,k -2.
We will now construct a 1:1 mapping from N( A' ) U N(rt) to V'(G) - I')U .V(r)).

Recall that v, E N(vi ) U N(vt).
Suppose .s < r. Then v., E N(v,). Now v,- A N(x) by the choice of k and v,_1

N(v.-. ) else we get the longer z,,'npath

Vn 1,711- - , 1 .. 1'. Uk , .? ?, C , 1 ' . . . . . . t UI-1- l .- . . . . k +

So for s < r, let v,_- be the correspondent of v, in our 1:1 mapping.
Now suppose r < s < k - 2. Then v, q ,'(r ) and therefore v,, c N(At') by the choice

of r, t. By the choice of.', k .z, d .(x). Also t,,+ N(vtI) for if it were we would grt

the longer ,,- path

Vm , m - ,I . ,?'I,.X, Vk, Vk- I V..... 1•+ , I/- 1, /-2 ..... I' 1,?"1 -, ?12,l2 ..... 7,t't-1 ZUk- 1.
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Thus for r < s < k - 2, let vs+l correspond to v. in the 1:1 mapping.
Next suppose k < s < t. Then by the choice of t, v, ý N(vi). Suppose v, E N(vt).

Then v,+, ý N(x) by the choice of 1 and v,+, V N(vj_1 ) for if it were we would get the
longer yi-path

Vm, Vrnm, ...,-VI,",VkVk--1. -•V. it+ I, VI+ 2 , ... ,V--I ,Vqs+I,Vs+2,

S.,t7t 3,• VA- I ;.�, Vk+l.-

So let v,+1 be the correspondent of v, when k < s < t.
Finally supposet < s < I- or l + 2 < s_< m.
First suppose v, € N(vE). Then v3-1 ý N(v-1) U N(x) as above. So suppose

v, E ,V(vt). Then t'v-I N(x) else we get the longer v,-path

Vrn, ' 1r .-1, - .U Vt, t-- 1 .  , L'I+l ! 7;'+2, s-7 V - .

Also t'v- 1 ý AN('t-1-) for suppose not. Then for s < I - 1 we get the longer v,2 -path

-Vni tV -I ..- VI. , 7 tX '.• t'k- I i .-- - t't+ I tI+± 2, •---, -1V• -I.VI-2

... I-.., , t .- 1 .... .. .... . 'k+

and for s > 1 + 2 we get the longer Vrm-path

So for t < s < 1 - 1 or I + 2 < s < m. let v,_1 correspond to v, in the 1:1 mapping.
Note that ,t has b( eli chosen as an image point twice, once for the case k < s < t and

again for tl . case t < s < 1-1. We claim we have shown the existence of a 1:1 mnapping from
N(vl ) UJN(v 1 ) - v,_1 to V(G) - (NV(zj_ ) U.N(r)) - {fVk-, ,v -+,,.-, lx}. Clearly we have
shown a 1:1 mapping from .N(vz ) U (tvt) -tv-_ to a subset S of V(G)- (N(vj )U7(X)).
We now claim i k-I, I'k--1, ?-"_-I, X Vý S.

Suppose Vk-I E S. Then vZk_ I vz,, or v,+1 where v, G N(v 1 ) U N(x). But
v,_- = v._ implies s = k and k,•= v= + 1 implies .s = k - 2. both contradictions. Thus

Z~- S.
Next sippose Vk+ S. Then r'+ v.- 1 or vu,+, for some s. But ,k+1 = V-I

implies s = k + 2 < r or s = k + 2 > t., both contradictions since r < k and t > k + 1. Also
tk*+I = v,+] in.plies s = k another contradiction. Thus t'+l V S.

Now suppose z,- E S. Then z'1 .-4 = V,_] or tV'•- for some s. But v-i z '- implies
s = I and t'j.. = v,+l implies s = I - 2 < t. both contradictions. Thus vt_- I S.

Finally x • S since all the image points are in P and x V P.
Clearly t :,_r, A N(vi- ) U N(x). AlSo ct- ,Vk+l ý N(x) and earlier in this case

we showed Vk•_ d N ). Now ?, 4 .Y(jr1) for if it wcre wve would get the longer
?, -path

rn , Um - I ?-'.. I, ', k -CA -- I ..... I'] - f 4- 1 ' 4,. ?..... '1 - I , k- I , k--2 . , t



Thus Vk-l,Vk+l,V-Il, X Z N(vl-l) U N(x).
Thus we have

(p - 3)/2 - 1 < IN(vi) U N(tt) - ve,-1

_< IV(G) - (N(v 1 ) U N(x)) - {Vk1,Vk+1, V I

< p - (p - 3)/2 - 4 = (p - 3)/2 - 1

a contradiction.

Case 1.2.2: So we can suppose vi-i is not adjacent to any vertex q where q < k.

Let v, E N(v 1 ) U N(v,). We will construct a 1:1 mapping from N(ul) U N(v,) to

V(G) - (N(v, 1 ) U N(x)).
First suppose 1 < s < k. Then by the choice of k, v, ý N(x) and by the hypothesis

v, ý N(v- 1 ). So for 1 < s < k, let v, corresjpond to itself in the 1:1 mapping.

Next suppose k < s < t. Then by the choice of t, v,, ý '(r ) so assume t;, E N(v,).

Now v,+, ý N(x) by the choice of k, I and v,+ 1 , .(t- 1 ) for if it were we would get the

longer vi-path

Vm,•m--1, ..- ,Vl, Z, Vk / Vk-I, -. 1 ,VI + 1, t'+ 2  --. , I- , - + 1, Vs+2

• .. , Vt, vs, It's-1 I , -IVL+l.

For k < s < t, let v,+, correspond to v, in our 1:1 mapping.
Finally suppose t <s < I - 1 or I + 2 < s < 7n.

First suppose v, E N(vi). Then as above, v,,-] ý N(vt-1) U N(z). So suppose
v, E N(vi). Then v,-, ý N(x) else we get the longer t'm-path

Vm, Vm'r -1 , -. VsVf Vtt• - I ... •, VI , Vf+l 1 fU+2, -, V ' s- 1, X

Also v,- 1 ý N(v- 11 ) or else for s < I - 1 we get the longer Vm-path

'm, Vmn-1 , -V! .T. k, Vk- I V.. , V 1+1 - 1'+2 -- Vs-I .. I- I UI-2,

S... ý. Ut I, 't- I, .... Vk-4l

and for s > I + 2 we get the longer urn-path

V11,n -I . ... V• i-,V V .-- , ... , , Zt~' , I-4 .. , V1+2, - 1 V.- I V.4-2 . -. . I'l, X.

So for t < s < l - 1 or I + 2 < s < 71, let v,-, correspond to v, in the 1:1 mapping.

Note that of has been chosen as an image point twice, once for the case k < s < t and

again for the case t < s < I - 1. W\e claim we have shown the existence of a 1:1 mapping

from N(v,)UN(v )-V,_ to V(G)-(N(v_,)u N(a)) -{t 1 , z+ . t-,,}. Clearly we have
shown a 1:1 mapping from N(v1 )UN(v) - vti- to a subset S of 1(G)-(N(v'.-. )UN(x)).
We now claim Vi,Vk+ I, V1- I, X S.

12



Suppose vi E S. Then v, = v.,v3_1 or v,+, where v, E N(vi) U N(vg). But v, = v,
implies s = 1, v, = v_- implies s = 2 > t and v, = v,+, implies s = 0, all contradictions.
Thus v, 0 S.

Next suppose vk+1 E S. Then t'k+l = v,,,v-i or v,+, for some s. But vk41 V,
implies s = k + 1 < k, vk+i = v.- 1 implies s = k + 2 > t and Vk+i = v,+, implies s =k,

all contradictions. Thus vk+&1  S.
Now suppose v1_1 E S. Then vii = v,,v,-l or v,+l for some s. But v-_. v,

implies s = 1 - 1 and v-1_ = v,, 1 implies s = I both contradictions. N., v1_1 = v,+,
implies s = 1 - 2 < t, but by Case 1.2 t < I - 1, a contradiction. Thus v1_ 1 '• S.

Finally x ý S since all the image points are in P and x ý P.
Clearly vj, vj 1 , x ý N(v- 11 ) U AN(x). Also vk+1 ý N(x) and V'k+j N(vl-1 ) for if it

were we would get the longer v,n-path

Ur•Vrns ~--1...• Xq Vk, t'k--I ;.-, VI , V(t+l -VU+2, ... • , l-I i Vk+l ! Lk+2, -I . --•t

Thus VlVk+l,rV-1z XN( U -N(X).
We get

(p - 3)/2 - 1 < () t1 AU(vt) - vt-, I

< IV(G) - ((,'u( _) u .%'(x)) - {,, Vk+,,V-_, X})

< p- (p- 3)/2 -- 4 = (p - 3 )/ 2 - 1

a contradiction.

Case 1.3: Suppose t < k.
Let v, E N(vi) U N(vi). We have already shown s 5 1, t, k, I - 1. 1. We will now show

s#k+ 1,k+2or1+ 1.
Now vk+. ý ;N,(vl) for if it were we would get the longer v,-path

VTU Umrn-1 .- I. t'k+1 V1, V..2 k! X

and V•+ 1 € N(vj) else we get the longer ,.-path

Vin - Vin- -I -i .. k+i l Vt! V f'- I Vi -,,t' Ut+1 i; Vf+2, -. ,• 'k, X ,

Also Vk+2 • (vi ) else we get the longer v,-path

Vrn, I'm- -1 ... , Vk+2, Vl.,V2 . . .. i, C.-IVk+I , Vk, X

and Vk+2 A N(v~t) else get the longer Vm,,-path

Vni, Vr -l,.., k+2, I't, V1t- Iý,.. U1, V'i+), 1'1+2 ý...,i'k-li'k+l,Vk,X--

Finally, v1+ 1 ý ,l(vi ) for if it were we would get the longer t,, 1-path

Vin, 7 -I - ...I VI+ I, t'l, V2.... 1, .

13



and v1+1 0 N(vt) else we get the longer vy-path

Thus s #: k + 1,k +2 or I + 1.
We will now consider 2 cases:

Case 1.3.1: Suppose v-1_ is adjacent to some vertex vq where q < k.
Now q < k -2 as in Case 1.1.1. Let v, E N(vi) U N(vt). Now s - k - 1 for if

Vk-i E N(vl) we get the longer vyn-path

Vmn )Vrn-1 ,.-•1 X, VkV k+l, -.- , V(-1,V q• Uq_ I ... U1• k-l• I, k--2 --. , Vq+-1

Also vk- 1 ý N(vt) for if t > q we get the longer vm-path

and if t < q we get the longer vw-path

V rnVm -1 .. ',VI"X,Vk,Z-k+I1 ..... V_1,Vq, t'q._1, -- ,V t+ 1  t' 1 .- V 2,

... ,I tft, Ck-1 , t'k-2, .-. t'q+l •

Finally, if t = q we get the longer v,,-path

Vm, Vm-1i .-- ", ,1 X, Vk, Vk+1 ; -.. Vt•- Vt• V1 , V(+1 i t.+2,-.. Vk-i

Thus s 0 k - 1.
We will now construct a 1:1 mapping from X:(vi )U N(vt) to V(G) - (.Vvr._ ) U N(")).
First suppose 1 < s < r. Then v, E N(vi). By the choice of k, v,-, ý N(z) and

VS1 •_ N(vj- 1 ) for if it were we would get the longer tm-path

V~m, Vm-1 i ... , V1, X, Vk, Vk+ , ... Z'1-1. Vs-I ,Vs-2,--7V1 V s, Vjs• s l, ..- , Vk-I

So for 1 < s < r, let v,-, correspond to v, in our 1:1 mapping.
Now suppose r < s < t. Then by the choice of t we have v, ý N(v,) so assume

v, E N(vt). By the choice of k, v,+, ý N(x) and v,+, ý N(vi- 1 ) else we get the longer
vy-path

Vm, Vm-l , .. , Vl,,X, Vk, Ztk+1 1- ;.. l-l Vs+1 t t',+ l -... , Vt• Vs. Vs-!,

1 -.......I. 't+1 -+2 .- k-

For r < s < t, let v,+, be the correspondent of v, in our 1:1 mapping.
Next suppose t < s < k - 1. By the choice of k we have v,-, ý N(x). If v,, E N(tr)

we have already shown z,_- ý AV(rt_-) U NV(x). If v, E N(it) we have v,, - N(ri_•) clsc
if s > t + 1 we get the longer Vr,-patlh

Vmr, Vm-1 , ..,V1, I , Vk, k- V. s. V1 - 1 V- 1 ... t V 1 ¶ l't4+:2,

14



VS" ..11- V ...1--!, .-2, ... k+1

and if s = t + 1 we get the longer yrn-path

Vm, Vrn-1 i ... 1, V6• X, V3k, 1Vk+-1 •..., VI1-1 s V) 1Vt--1 V1 7,. U V t+l V t3+2 V -•1k--!

So in the case t < s < k - 1, let v,- 1 correspond to v,.
Now suppose k + 2 < s < I - 1. By the choice of I we have v,- 1 • N(x). If v, E N(vi)

then v,-_• q N(vt- 1 ) U N(x). and if v, E N(vt) then v,-. ý N(vi- 1 ) else we get the longer
vm-path

Vrn, Vm-1, -.. , V1, X, Vk, Vk1-.... ,t+V • 1• V1 2 , ..-- ,Vt•fVs, Vs+l,

•..., VI-- , ~s--1 i Vs-2- .- , Vk+1 -

In the case k + 2 < s < 1 - 1 let v,-, be the correspondent of v, in the 1:1 mapping.
Finally suppose I + 1 < s < n. Suppose v, E YN(vj). Then v,_1 ý N(rt,-,) U N(x).

So suppose v, E N(vt). Then v,,-, ý N(x) for if it were we would get the longer v,,,-path

and v,- . N(vi-1) else we get the longer Vr-path

Vrn Vm-1rn -- -, V '. s, Vt, Vt-1,- --I -, V1.+1, Vt-' t+2, "-, VI--1, Va---l, V -2 7 .... Ul.. X.

So for I + 1 < s < m let v.-i be the vertex corresponding to v, in the 1:1 mapping.
Note that we have considered vt as an image point twice, once for r < s < t and again

for t < s < k - 1. We claim we have found a 1:1 mapping from N(vi) U N(vj) - vt- 1 to
V(G) - (N(VI-I) U N(x) - Vk.2,Vk-1 i Vz.1,X).

Clearly we have shown a 1:1 mapping from N(v i ) U N(v1t) - vt- 1 to a subset S of
V(G) - (N(v-.i) U N(x)). We now claim Vk-2,, - S.

Suppose Vk-2 E S. Then vk_2 = v8.- or v,+, where v, E N(vi) U N(T(). But
vk.2 = v8.- implies s = k - 1, a contradiction. Also Vk_2 = v,+ 1 implies s = k - 3 < t,
sot k -2 or k-1. But t = k -2 implies vt+1 =Vki E N(vj) and t = k-1 implies
v+1= vk E N(vi), both contradictions. Thus Vk_2 q S.

Now suppose Vk,- E S. Then Vk-._ = vs-_ or tv,+ 1 for some s. But Vk-1 = va_1
implies s = k, a contradiction. Also V,_ v,+, implies s = k - 2 < t so t = k - 1. But
this implies vt+l = Vk E N(vC), a contradiction. Thus rk_1 • S.

Next suppose vi-i E S. Then vi-I = vA.- or v,+, for some s. But v,-_ = vS_ 1 implies
s = 1, a contradiction. Also v- 1 I = v,+I implies s = I- 2 < t.so t = I- 1 > k,' again giving
a contradiction. Thus vi-, ý S.

Finally, x 4 S since all image points are on P and x ý P.
Clearly, v1- 1 , x ý N(v,-.) U N(x) and by the choice of k, Vk-2, Vk- ý N(x). We will

now show Vk_2, Vk-1 4 N(t,t- ).
If Vk2 E N(vj_.) we get the longer v,,-path

r V V -1 , ... 1, X, Vk, Vk- 1 Vk+1 1 Vk+2,, V5-I , Vk-2, Vk-3 t1
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(recall vk-lvk+i E E(G) since G is claw-free) and if Vk-1 E N(vi- 1 ) we get the longer
vm -path

Vmn V mr-1, ... , V~l. Xr, ~k, V lk+1 --l V.. 1~- I i Vk-l, Vk-21, ... , i 1.

Thus Vk-l,v k-2 • N(vi- 1) and Vk-2,vk-1,v-1, x ý N(vi- 1 ) U N(x).
We get

(p - 3)/2 - 1 < JN(vi) U N(vt) - vt,-l

< IV(G) - (N(v._1 ) U N(x)) - {Vk_2, Vk_., IVI._1,,})

< p - (p - 3)/2 - 4 = (p - 3 )/ 2 - 1

a contradiction.

Case 1.3.2: So we can assume v1_ 1 is not adjacent to any vertex Vq where q < k. Recall
that t < k.

Suppose 1 < s < t or t < s < k. Then by the choice of k, v, ý N(x) and by hypothesis
v, ý N(v.-1). So for 1 < s < t or t < s < k let v, be its own correspondent in the 1:1
mapping.

Now suppose k + 2 < s < I - 1. By the choice of 1, v,-, N(z). If v, E N(vl) then
v,9-1 N(vi-1) and if vs E N(vt), then v,- 1  N(vi-1 ) else we get the longer vi-path

Vrnm•V n--1, .... . V, X, Vk, Vk-1, V.t+I I V1, V2, ... , Vt,V.9, s+I

•... UI-V-1,173--I Vts--2, ""-, k+l"

For k + 1 < s < I - 1 let v,-, correspond to v, in the 1:1 mapping.
Finally, suppose I + 1 < s < in. Suppose v, E N(v 1 ). Then v,-, 0 N(v_11 ) U N(z).

So suppose vs E N(vt). Then v.- 1 ý N(x) for if it were we would get the longer v,-path

Vmmn, Ur---•..,Vs, t, t-1,-I,..-, IVt+I.U +2, ... , Vs--l, X

and v,-, ' N(v.-1) or else we get the longer vin-path

"Vm, Vm.n-1, ""-, Va, VUVt-1, .-. ,V l t, Vt+I 4t+2, ", tl--, Vs--l. V,--2, .. , V, IX.

So for I + 1 < s < in, let v,-, correspond to v, in the 1:1 mapping.
We claim we have found a 1:1 mapping from N(vx) U N(vt) to V(G) - (N(v_11 ) U

N(x))- {vi, vt, vi-,x}. Clearly t,..vt, v1-,z x N(vi-1) U N(x). We have shown a 1:1
mapping from N(vi) U N(v1) to a subset S of V(G) - (N(v.-.) U re(x)). We now claim
ViIVt,VI--1,X ý S.

Suppose vi E S. Then vl = vs-, or v, where v, E N(vi)UN(vt). But v, = v, implies
s = 1 and v, = v,-, implies s = 2 > k + 2, both contradictions. Thus v, • S.

Now suppose vt E S. Then Vt = v,_1 or v., for some s. But z, = v,-i implies
s = t + 1 > k + 2 and v, = v, implies s - t, both contradictions. Thus tt • S.

Next suppose v1_ 1 e S. Then v11 = v,-, or v, for some s. But vi-i = v,_ 1 implies
s = l and v 1_1 = v, implies s = I - 1, both contradictions. Thus v1_1 ý S.
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Finally, x • S since all the image points are on P and x ý P.
We get

(p - 3)/2 < IN(v 1 ) U N(vt)l

< IV(G) - (N(vi-.) U N(x)) - {vI,vt, vI-i,x}[

< p-- (p-- 3)/2-- 4 = (p-- 3)/2-- 1

a contradiction.

Case 2: Now suppose I = m. Then x is not adjacent to any v, where s • k, 1. We look at
two cases for t, where, as in Case 1, vt is the vertex with the lowest subscript so that v, is
adjacent to vg+I and not to vi.

We claim t # k,k + 1,m - 1,m. Now t = k implies vi is adjacent to V+I in which
case we get the longer vyi-path

V,,,, Vn- ... k+l, VI V V 2 , ... , Vk,X.

Also t = k + 1 implies v, is adjacent to vk+ 2 and then we would get the longer vr-path

"Vm, V lm--I, ..- , VJk+2-; VI .. V25 ... • U k-1I i Vk-+l Vki X.

(Recall vk-lvk+l E E(G) since G is claw-free.) Now if t = - - 1, we have vi adjacent
to v,,,. But then vI,vmmi,x E N(vm). Since G is claw-free and neither v, nor v,-1 is
adjacent to x we must have vivn- E E(G). But then we will get the longer vr-path

Vmj , Vk-,• k '."-I, ... • i'1 i in I , m -l•Un 2 i ... 7 Vlk+r o

Thus t 54 m - 1. Finally, t :A 7n since vi is adjacent to vt+u.
Let v,, E N(vi)UN(v1 ). Now if 1 < s < r we have v, E N(v1 ) by the definition of

r. By the definition of k, we have v,_1 ý N(x). Also, v,_1 ý N(vm_ ) for if it were we
would get the longer v,, -path

Vm X, Vk, Vk-1, . V3 Vt, ,V2 .-. I . Vrn11Vr- -21 .., ik+l.

Thus for 1 < s < r we have v,_1 ý .(vl ) U N"(tvt).
Let v, E N(vi). Then for k + 1 < s < m - 1 we clearly have v,_1 V N(x). Also.

vs-1 q N(v 1-1) else we get the longer v,,,-path

VfI, X7, Vk, Vk- ,, -, V], I's, Vs+i, -... ,Vm -1 V. Vs-2, ... ,V.k+1.

Case 2.1: Suppose t < k. We will show that there is a 1:1 mapping from N(v1 )UN(vt) to
V(G) - (N(vm._1 ) U N(x).

Let v, E N(vi) U N(vt). Clearly s 4-- 1, t. Now s 54 k since then, on the one hand, if
Vk E N(vi) we get the longer V,,-path

rnrn -- .. , I Vk+ I 1.Vk- I 1 k-27 V) i VkX
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and on the other hand, if vk E N(vt) we get the longer vm-path

11m, Vm--1 , ... ,Vk+ l Vk-1 i V'k-2i --- 7. V1+l 1i 1 VIt2 , ... i Vt, Vk, X.

Similarly, s 7• k + 1 since if vk+1 E N(vi) we get the longer v,,-path

Vm, Vm-1, --. , Vk+l i VI 1V21.-.,Vk,7X

and if vk+i E N(vt) we get the longer v,-path

Vm i Um--mI ... iVk.-+It,V tV-1,•' I •, Ut+l, Vt+2, ... , Vk, Z.

Next, s 5 m - 1 since if v,-l E N(vi) we get the longer vy-path

Vmn X, Vk, Vk_ I ..- , VI! VnI , Vm2.... Vk+1

and if vn-1 E N(vt) we get the longer vm,-path

Vm, X, Vk, Vk-I ... V1 +1 VI, 1 V), -.. , Vt, Vn-1, -2 .. , 'k+l.

Finally, we claim s :A r.
If V, E N(vi) we get {vi, v,-1,} x N(vm), but these three vertices are independent

contradicting the fact that G is claw-free. If v,,, E N(rvt) then we would have the three
independent vertices vt,Vm--,x all in N(vm). Thus s 0 1,t,k,k + 1,m - 1 or m.

We will now consider 2 subcases:

Case 2.1.1: Assume vm,1 is adjacent to a vertex Vq with q < k.
Now q :A k - 1 since if vk- 1 E N(vm-1) we get the longer vi-path

Vin,X,T Uk k+t1• a... 1'7n-1,Uk-1 - k-2i ... , V1,

Also q : k - 2 since if Vk-2 E N(v,-, ) we get the longer Vm-path

Vrn, X, "Ok, Vk-1 V k+l, lk-+2 -. ."", rni--1 ; k-2, V k-3 VI . --•L

(Note vk-iv ,.+ E E(G) since G is claw-free.) Thus q < k - 2.
Consider v, E N(vl) U N(vt). We have already shown that s 7 1,t,k,k + 1,m - 1 or

M. We now claims54k-1 ork-2.
Suppose s -= k - 1. If Vk_1 E N(tv1 ) we get the longer vn-path

V1m),T V, Vk l, k -t- ., 17m-1, Vq1 Vq-- I *.. " Vi i2 Vk-I , Vk-2, ... , Vq+1

If Vk,_ E N(vt), for q < t we get the longer vm-path

Vmn i X, Vk 1k+ , ... , Vn- I Uq, Vq+ ., -ý Vý tUk_ , V _ , . tU+l V1 i V2, V•2 ... Uq_ ,



for q > t we get the longer vm-path

V~mXVk) 2k+1, ""./2m-i, Vq•/q+l) ."') Vk-l•/2vt, 2(-1 I".. )21 I Vt+l I Vi+2, V"/q-1I

and for q = t we get the longer Vm-path

Thus s y- k - 1.
Now suppose s = k - 2. If Vk-2 E N(vj) we get the longer 2,,-path

V3m X) V)k, Vk-1,•Vk+1 l -, Vmi-1, V q, Yq-1 , --. , V1 ,Vk-2, Vk-31 --- .. Vq+1

If Vk-2 E N(vt), for q < t we get the longer vm-path

V~mX, VkVk-l•Vk+l;...-, Vm -ltVq.,t~q+l Vt., t; k_2, Vk_3-..., V/+I,!V1 "Vr2,..!2

and for q > t we get the longer y2.-path

VmX TIkVk.-1,Vk+l, .-- ,Vm-1 iVq, IVq+1 ... ,Vk-2,•Vt Ut -I -... iV1-;Vt+1,Vt+2. . q-I

If q = t we get the longer vm, -path

"Vrn • XVk 7 Vk-1 ,Vk+ l • /k+2, ... , Vir-1 ,•' VIV- I, .-. • U1 •Vt+l iVr+2 , --- , Vk-2.

Thus s 5- k -2.
We will now construct a 1:1 mapping from N'(v 1 )UUN(vj) to V(G)-((Vmi)U,(X)),

Let va E N(vi) U N(vt).
First suppose 1 < s < r. Then z',-, ý N(vmj) U N(x) as above. So for I < s < r,

let v,-, correspond to v, in the 1:1 mapping.
Next suppose r + 1 < s < t. Since v, ý AN(vi) by the choice oft, we have v, E N(vt)

and v,+, ý N(x) by the choice of k. Also v,+ . J N(vm_-) for of it were we would get the
longer v,,-path

V2m , X2, Vk ,Vtk+ 1 . ... , Um- 1, Us+ 1 ,, Vs+ 2, ; .. t~l! V•s, Vs - 1, -..- ,VI, Vf+ I, V/t+2, ... , k - 1.

So for the case r + 1 < s < t, let vs+ 1 be the correspondent of vs.
Now suppose t < s < k - 2. Then v,_ 1 ý N(r) by the choice of k.
Suppose v•, E ,(v 1 ). Then v,_1 • N(v.,_) for if it were we would get the longer

vy-path
V2m ' , " Vk .iVk+ I i -,, . Vni- 1, t's- , V • s-2, -.. V/1," Vs,: tls+ 1 ... , k-I •

Now suppose v, E N(vt). Then v,-, ý N(v,,,-i) or else we for s > t + 1 get the longer
vm-path

Vm X, Vk, Vk+1, -_2, ....V,,'t, Vs V sV+ I ,...., t'k-1
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and for s = t + 1 we get the longer vy-path

Vm,-T, Vk, Ik+1I, ... , Vm-',),Vt,Vt- , ... , V , Vt+ I, Ut+2, ... •Vk-l-.

So let v,-, be the correspondent of v, when t < s < k - 2.
Finally suppose k + 1 < s < m - 1. Then v,-1 ,. N(x) by the definition of 1.
Then if v, E N(vl) we have already shown v,- 1 $ N(vm-1). Also, if v, E N(vt) we

have v,-. 1  N(vm-) for if it were we would get the longer vy-path

Vm) X, V k,lk+ l ., -7 s-,_1v1m- Vm-1 n-2 , -.. ,V3,1 ti Vt--I , -.. • 1-1, I+ I V+2, .-- , Vk-1-1

So for k + 2 < s < m - 1, let v,-, be the vertex corresponding to v, in the 1:1 mapping.
Note that vt has been used as an image point twice, once for the case r + 1 < s < t

and again where t < s < k - 2. We claim to have found a 1:1 mapping from N(v1 ) U
N(vt) - vt-I to V(G) - (N(v,,_,) U N(x)) - {Vk-2,Vk -i ,V,,-1,X). Now we have shown
that Vk-&2,Vk-1,vm-l,X A N(vm-i)UN(x). (Recall that at the beginning of Case 2.1.1 we
showed that vk-2, vk- 1  N(v,,,-1). Clearly we have shown a 1:1 mapping from N(vl) U
N(vt)- vi-I to a subset S of V(G)- (N(r,)UN"(x)) we now claim Vk-2, Vk-1, Vm-1, X

S.
Suppose Vk- 2 E S. Then vk-2 = v._I or v,+ 1 where v, E N(vl) U N(vj). But

Vk-2 = v.- 1 implies s = k - 1 a contradiction. Also vk-2 = v,+1 implies s = k - 3 < t, so
t = k- 2 or k- 1. But t = k- 2 implies v, is adjacent to vk-i and t = k- I implies v) is
adjacent to Vk, both false. Thus vk-2 ý S.

Next suppose Vk-i E S. Then v,-- == v,-, or v,+i where vi E N(vi) U N(vt). But
Vk-1 = v.-9 implies s = k, a contradiction. Also v,-I = v,+9 implies s = k - 2 < t, so
t = k - 1. But t = k - 1 implies vi is adjacent to vk, a contradiction. Thus vk-1 ý S.

Now suppose vm-i E S. Then v.-_ = v.-3 or v,+, for some s with v, E N(vi) U
N(vt). But v,,-i = v,_• implies s = in and v,-n- = v.,+ implies s = m - 2 < t, both
contradictions. Thus v,-,i S.

Finally suppose x E S. Then x is the image point of some v, E N(vi) U N(v,). But
all the image points are on P and .r ý P. Thus x ý S.

We get

(p-3)/2- 1 < fN(vi) UNY(vt) - vtI

_ JV(G) - (A(vI) U N(x)) - 2,Vk-1,Vm-iXI

< p - (p - 3)/2 - 4 (p - 3)/2 - 1

a contradiction.

Case 2.1.2: So we can assume v,,-, is not adjacent to any vertex tvq with q < k.
First suppose s < k - 1. Then v, . N(x) by the choice of k and by hypothesis

v, ý N(v•_-). Thus for s < k - 1, let v., be the vertex corresponding to tv, in the 1:1

mapping.
Next suppose k + 1 < s < 771 - 1. Then v,,- N(x) by the choice of 1.
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Suppose v, E N(v 1 ). Then v,-1 0 N(vm-i) as above. So suppose v, E N(vj). Then
Vs-1 $ N(vi-,) for if it were we would get the longer vy-path

Vm, tX, Vk, Uk-1,- -- ,..Vt+l, VI 1 21 ... i V1, VS Vis U+] .... Vmrt-1, V s--1 V Us-2, ... , Vk+l.

So for k + 1 < s < m - 1 let vs-I correspond to v, in the 1:1 mapping.
We claim we have shown the existence of a 1:1 mapping from N(vi ) U N(vt) to V(G) -

(N(vm.-.)UN(x)) - {vi ,Vt, vm ,,-x}. Note that vj, vi, vm.-I, x ý N(v,m.-.i )UN(x). Clearly
we have shown a 1:1 mapping from N(vi )UN(vt) to a subset S of V(G)-(N(vm-i )UN(z)).

We now claim vI,vt,v,,m-I,x ý S.
First suppose vi E S. Then v.: = v, or v,-, where v, E N(vi) U N(vt). But v, = v,

implies s = 1 and v, = v,-, implies s 2 > k + 1, both contradictions. So v1 0 S.

Next suppose vt E S. Then vt = v, or v,-, for some v, E N(v 1 ) U N(vt). But if
v, = vt we get s = t, a contradiction and if vt = v,- 1 we get s = t + 1 > k + 1, so t > k,
again a contradiction. Thus vt ý S.

Now suppose v,-1 E S. Then vn-I = v• or v,-, for some s. But vm- = v, implies
s = m - 1 and VM-1 = vs-i implies s = 7n, both contradictions. Thus vn- - S.

Finally suppose x E S. Then x = v, or - but x ý P. So x ý S.
We get the following:

(p - 3)/2 < I.(vi) U N('t)j

__ iv(G) - (N(vmi) U \T(7)) - { V, 'V, •m•,i X1}

< p - (p - 3)/ 2 - 4 = (p - 3)/ 2 - 1

a contradiction.

Case 2.2: Suppose k + 1 < t < n - 1.
We will show that there is a 1:1 mapping from N(vi) U N(vt) to V(G) - (N(vrni-) U

N(x)).
Recall v,, E N(vj) U N(vt). Clearly s 4 1 or t.

We claim s 0 k,m - 1 or 77.

We first claim s :• k. If vk E N(vi) we get the longer vy-path

vni . m-l ... Vk-+i - k-i -, k-2-2 V. , lVk, X

and if vk E N(vt) we get the longer vm,,-path

Vm, Vm-1, -. , Vt-Li I V3 , V2, -- , k-, Vk~, Vk+ Vf.,U Vk i X.

(Recall that vk-iVk+1 E E(G) since G is claw-free.) Thus s / k.
Next, we claim s -nm - 1. If vn_ E N(v 1 ) we get the longer vyn-path

rn X, Vk, Vk+1, -, n-1, 1 V1 I V2, ...- Vk-1

and if v,-_. E N(vt) we get the longer vn-path

rn X, Ilk,• Vk+l ,"", Vt, Im-I, Vr-2, -..2 Vt+ 11 VI) V2, Vk- •
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Thus s -4 m - 1.
Finally we claim s m m. If vm E N(vl), we get Vi,Vm-I,x E N(Vm). But these

three vertices are independent, a contradiction to the fact that G is claw-free. Also if
vm E N(vt), we get vtvm-l,x E N(Vm) and again these are independent contradicting
the fact that G is claw-free. Thus s :A m.

Let v. E N(v 1)UN(vt)with t < s < mr-1. We have already shown that if v, E N(vi),
then for k+1 < s < rn-1 we have v.,_1 ý N(Vm -1)UN(x). In particular, ifs = t+1 then
vS-1 q N(vm-_ U N(x). So suppose vinN(vg) with t + 1 < s < m - 1. Then by the choice
of l, v,_ 1 ý N(x) and vs,1 0 N(vm-l for if it were we would get the longer vn-path

Jm, XVk, Vk-1, --- , V1, Vi Irt- Vt+2, ... ,i Vs-1 5 m-l, Vm-2, -,.V3, Vt, Vt-1, .-. I k-t-1.

Thus, if v, E N(vi) U N(v,) with t < s < 7n - 1 we have v,_I ý N(vm,-) U N(x).
We now consider two cases:

Case 2.2.1: Assume V,_1 is adjacent to some vertex vq where q < k. Then as in Case
2.1.1, qh k k- 2, k -1.

Suppose v, E N(vi)U N(vt). We have already shown that s t 1,, k, m- 1 or 77. We
now claim s 5 k - 1 or k - 2. Now Vk-1 ý N( 1V) for if it were we would get the longer
v,, -path

Vm,•X5Vlk, kW l ,.. Y-, i-l, V qi Uq- I---1,.. l• k-l, Vk-2- ... ,Vq+l

and Vk-1 ý N(vt) else we get the longer vmr-path

Vm V m Ur-I ...... Vt+li V1 V9_ --- V2.. k-l-1 Vti Vt--1 V .. k, X.

Thus s : k - 1.
Next Vk-2 ý N(vi ) for if it were we would get the longer vrn-path

Vrn X, Vk, Vk-1, Vk+l - Vk+2 ,-..! Vm -1;i q I q-1 V,, lVk-2 i k-3 .. Vq+l

and vk- 2 . N(vt) else we get the longer v, -path

V3•m--l .m-1, Vt+l,- V1, V2, ..- ,Vk-2 i fi VI-l •... i k+l, vk-lvk, x.

Thus s : k - 2.
We will now construct a 1:1 mapping from N(vi)UN(vt) to V(G)-(N(v,_ )UN(x)).

Recall that v, E N(vl) U N(vt).
First suppose 1 < s < r. Then as above v,_ \ U N(x). So for 1 < s < r.

let v,_1 correspond to v, in the 1:1 mapping.
Now suppose r + 1 < s < k- 2 or k < s < t. Then by the choice of t and the

definition of r, v, ý N(vl) so suppose v, E N(t',). Now v,+i $ N(x) by the choice of k.
Also v,+, ý N(v,,-,) else for s < k - 2 we get the longer v,,-path

Vm , X, Vk, Vk+l,.-. .t, Vs, bs-1- ,.-• V , 1+1, -f+ , ... ",Vm--I ý V,+l• IV +2, .'", k-9



and for s > k we get the longer vy-path

Vrn X)Vk, k--l,...Vl, Vt+li Vi+2) -,.• 1,Vra- U +], Vs+2s ... ,Vti Vj Vj--l7... I k+ 1.

So if either r + 1 < s < k - 2 or k < s < t, let v,+1 be the correspondent of va.
Finally suppose t < s < m - 1. Then as above, we have vu.- ý N(v,.-i) U N(x). So

for t < s < m - 1, let v,- 1 be the vertex corresponding to v, in the 1:1 mapping.
Note that v, has been chosen as an image point twice, once for the case k < s < t and

again for t < s < m - 1. We claim we have found a 1:1 mapping from N(v1 ) U N(v1 ) - vt-I
to V(G)-(N(vm.-i )UN(x))--{vk.-I,vk+4, vm-,,x}. Clearly we have shown a 1:1 mapping
from N(v 1 ) U N(vt) - vt-I to a subset S of V(G) - (N(vm-i) U N(x)). We now claim
Vk-1I, Vk+1, Vm-i, X ý S.

First suppose Vk-i E S. Then Vk-1 = v,-, 1 or v,+, where v, E N(vi) U N(vt). But
Vk-1 = v.-, implies s = k and Vk-1 = tVs+1 implies s = k - 2, both contradictions. Thus
Vk-1 S.

Next suppose vk,+l E S. Then vk+ 1 = v.-I or v,+, for some s. But vk+ 1 = V,-1
implies s = k + 2 < r contradicting the fact that r < k, or s = k + 2 > t contradicting the
hypothesis of Case 2.2 that t > k + 1. Also Vk+1 = j',+, implies s = k, a contradiction.
Thus v,+l ý S.

Now suppose Vm-i E S. Then v,,n- = v,-I or v,+, for some s with v, E N(vj )UV(vt).
But v.-I = v,- implies s = m a contradiction. Also v,-, = v,,+, implies s = m - 2 < t,
but t < m - 1 by the hypothesis of Case 2.2. another contradiction. Thus v,,,_. g S.

Finally x ý S since all the image points are on P and x • P.
Now clearly v,,-, ,x N(v,,-) U N(z) and vk-1, Vk+i 1 N(x). We will now show

that Vk-l,tk+l 0 N(vm-1 ). If Vk,- E N('v,m-i) we get the longer v,-path

Vmr .t k, Vk+1. ... , Vm-1 , Vk-I i Vk-21 ... , V1 .

Now if Vk+i E N(v,- ) we get the longer t',,-path

Vm , X, Vk, Vk-.-...- VI , , t+1 ,•Vt+2. -. Vm-1, Vk+V , Vk+21 ... , Vf.

Thus Vk-1 ,Vk~1,Vn-1,X ý N(v,..I) U AV(x).

We get
(p - 3)/2 - I < IN(vi,) U N(vj) - vt_

< IV(G) - u U (x)) - {V&....i , V m-1 i X11

< p - (p- 3)/2 - 4 =(p - 3)/2 - 1

a contradiction.

Case 2.2.2: So we can assume t!,71 is not adjacent to any vertex Vq with q < k.
Let v, E N(vi ) U A(vj). We will now construct our 1:1 mapping.
First suppose s < k - 1. Then by the choice of k, v, ý N(.-) and by hypothesis

vs ý N(v,,_,). So for s <_ k - 1. let v, he its own correspondent inT the 1:1 mapping.
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Next suppose k < s < t. Then by the choice of t, v, V N(vi) so we will suppose
v, E N(vt). By the choice of I we have v,+, ý N(x). Also v,+l V N(vm,-) for if it were
we would get the longer v,-path

"0rn ,Xi• ik /+1, --- V.•"s) Vt, V-1) ,..., Vs+l • r-I 1 Vm-21 ... • 7Vt+l ) UI V2i .-. i Vk-a

For the case k < s < t, let v,+, correspond to v, in the 1:1 mapping.
Finally suppose t < s < m- 1. Then vs-1 V N(v,-i)UN(x) as we have shown above.

So for t < s < m - 1, let v.- 1 be the correspondent of v, in. the desired 1:1 mapping.
Note that vt has been chosen as an image point twice, once for the case k < s < t and

again for t < s < m- 1. We claim we have found a 1:1 mapping from N(vi)UN(vt)-vt-i
to V(G) - (N(vm-,) UN(x)) - {Vi,Vk+,VlM-X)-.

Clearly we have shiown a 1:1 mapping from N(v,) U N(v 1 ) - v-,_ to a subset S of
V(G) - (N(v,-,) U N(x)). We now claim vt',,k+, Vm-1, X , S.

First suppose vi E S. Then v, =v. v,,_1 or v8,+, where v, E N(vj) U N(v 1 ). But
v1 = v, implies s = 1, t'1 = v,+, implies s = 0 and v1 = v,-1 implies s = 2 > t., all
contradictions. Thus v, ý S.

Now suppose t 'k,+1 E S. Then v.+1 = v,.tv.-1 or v,,+ for some s with v, E N(vi) U
N(vt). But Vk+1 = v, implies s = k + 1 < k - 1, a contradiction. Next Vk+i = v,_1 irrn-lies
s = k + 2 > t, but t > k + I by the hypothesis of Case 2.2. Finally vk+l = v,+ 1 implies
s = k, a contradiction. Thus z'k+l ý S.

Next suppose vm-1 E S. Then vr-- = v,,- 1 or vz+, for some s. But V.1 = Vs
implies s = m - I and u,,,- = US-. implies s = , both contradictions. Also Vm-- = V,+2

implies s = rn - 2 < t, but t < m - 1 by the hypothesis of Case 2.2. Thus v,_13 5'.
Finally, suppose x E S. Then x is the image point of some v,, N(vi) U N(vt). But

all the image points are on P and x 0 P. Thus x V S.
Now clearly vi, x ý .(vm- ) U .'(.r) and trk+ V Y(x). It remains to show that

Vk+1 ý N(vm-i). Now if - • N(t,,,_ we get the longer V -path

mn,X,,?'k,t 7k- V]., "+ " V , .... im-lVk+1 ,'kk+2.ý .. ,Vt.

Thus VIVk+l Vrn-I, X ý JX'\(v,_j) U A'(.r).

We get
(p - 3)/2 - 1 < U\'(v) U.'(ut) - 1-t-1

!< IV(G) - (N(v,._,) I) U -() - . ,k+1. ý ,.-1- X)

< p- (p - 3)/2 - 4 = (p- 3)/2 - 1

a contradiction. 0

The graph in Figure 1 is 2-connected, claw-free and not homogeneously traceable.
Here, IN(u) U N(v)I = 2n7 + 2 = (p - 4)/2, so the bound in Theorem 6 is almost best
possible.

The graph shown in Figue 2 is homogeneously traceable, with IN(u) U N(v)I
(p- 2)/2, so Theorem 3 tells us nothing about this guip'i. whereas "theorcmn 6 tells us that
it is homogeneously traceable.
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